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SUMMARY .
When an aircraft has developed a spin, the pilot is usually concerned not only with recovering from the spin but doing

so with minimum loss of height. This paper is mainly concerned with the mathematical formulation of this problem,
including the simplifications that can reasonably be made.

The Pontryagin minimum principle is used to obtain necessary conditions for a solution to the problem. The amount
of computation required may be prohibitive; on the other hand, if certain simplifying assumptions may be regarded
as valid, it is indicated how a solution may be obtained.

The theory is restricted to the case in which three controls are actively used: aileron, elevator and rudder. However,
further controls may easily be included, with only a slight increase in complexity.

1. Introduction

The spinning of aircraft and the control movements necessary to recover from the spin have
been the subject of many detailed studies [17], [2], [3], [4]. It is also pessible to obtain good
approximations to spinning motions with relatively little mathematical detail [5]. The main
empbhasis in such studies is usually centred on the question of whether “normal recovery action”
is satisfactory, the objective being to recover from the spin as quickly and smoothly as possible.
The definition of recovery cannot be exact. An aircraft may be considered to have recovered
from a spin when the incidence of the centre section of the wing is below the stall, though this
condition may be accompanied by large residual angular velocitiés in roll and yaw. Another
definition may include some restrictions on these angular velocities.

In this paper, emphasis is placed upon the loss of height during the attempted recovery from
the spin. This parameter is certainly important and may be critical. The definition of recovery
is left open to the extent that, in the present formulation of the problem, different definitions
merely imply different sets of terminal conditions.

2. Equations of Motion

A complete list of notation is given at the end of the paper.
The general equations of motion of an aircraft are: [6]

i+ gw—ro—g,=X/m, (1)
v+ ru—pw—g,= Y/m, (2)
wHpr—qu—g,=2Z/m, (3)
P+dq? —r7) + ex(F+ pa) + e (d~TD) + begr + ceq — €y = L1, (4)
g+e,(r*—p?) +f, (p+qr) +d,(F —pg) +byrp+cor —cyp = M/I,,, (5)
F+f. (0P —a*) +d(q+rp) +e(p—qr) +b.pg+c,.p—cq = N/I, . - (6)
The kinematic relationships are:
p=¢~isind, (7)
g=0 cos ¢+ sin ¢ cos 0, 8)
r=—0 sin ¢+ cos ¢ cos 6. 9)
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314 G. R. Walsh

The following assumptions are made throughout the subsequent work:
The engine momentum parameters c,,, etc. are all zero.
The product of inertia parameters d,, e,, f,, etc. are all zero.

X =Lsina—D cosa+T cos Oy, (10)

Y =Y,+Y, (11)

Z = —Lcosa—D sina—T sin 0y, (12)

L =L+L, (13)

M=M,+M, (14)

N=N,+N, (15)
where

T =T+T (16)
and

sina = (—%‘)W, cos & = (u_z:um (17)

The datum values, denoted by suffix e, refer to a steady spin defined by
U=U,, V=0,, P=D,, 4=(,, ¥ =T,,
(l):(l)e? 02023 ljjzl[’e» aza“- T=T;

Note that the relatively small terms X, ¢, X, W, X, 1, Z,q, Z;W and Z,n have been neglected.
Substituting the datum values into equations (1)—(6) and (10)—(17) we obtain

oW, —T U+ g sin 0, = (L, sin a,—D, cos a,+ T, cos O7)/m , (18)
U, — PW,—g sin ¢, cos 0, = Y,/m, (19)
DoV, — G, U, — g COS P, cos 8, = (— L, cos a,~ D, sin a,~ T, sin Op)/m , (20)
begerre =L/, (21)

byrepezMe/[)u (22)

b.ped.=N./I. . (23)

Equations (21)—(23) may be regarded as equations to determine the steady applied moments
L., M,, N, in terms of the angular velocity components in the steady spin p,, g,, 7.
From equations (7), (8), (9), we have

P, = —y, sin 0, q.= Y, sin ¢, cos 6, 7, =1, cos ¢, cos b, . (24)

Substituting from equations (24) into equations (18)-(20), and using equation (17), we obtain

w,L,—u,D gp T
'e___e_le —_ . e _te 0 ’ 25
m(u; +w;)? GeWeTebe Yy, m €08 U (25)
4 94.
E =T U™ P W — 7’ (26)
_ueLe—weDe T
W = P U.—(q. U, — ll’ + —~sin 07 . (27)

Equations (25)-(27) determine the steady lift, drag and sideforce L., D,, Y, in terms of

ue: Ue’ we’ pe’ qe’ re’ lpe’ T;' R
Next, we require expressions for L, D and the primed quantities in equations (10)—(15). In

equations (10) and (12), assume for simplicity that
L=4pSV2Cy@), D =4pSV?Cpla), (28)
where
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Optimal spin recovery 315

V2=ul+w?. (29)

This assumption has been shown to be valid for large-disturbance manoeuvres [ 7]. It is assumed
that C, and Cp, are known functions of a, and that p is a known function of altitude, i.e. p=p(h),
where

h=ho—he0), e0)
and hy (¢) is the height lost in time ¢, given by

h (t) = j; [ —u(z) sin 8(z) +v(z) sin ¢(z) cos O(z)+ w(z) cos ¢ (z) cos B(z)]dr . (31)
According to Perkins and Hage [8],
(1/6R)—1
pP=Ppo <1 - %) ; (32)

within the troposphere, where

o= 0.002378 slug/ft3.,
8 =0.003566°F/ft.,

Ty = 518.4°F,
R =53.36 ft.°F.
For the general motion, let
U=ty U, V=040, w=w W, l (33)
pP=pe+p0, q=q,+q, T =r.+7, Y=Y +y )
and assume
Y=Y, (34)
L=Lv+L,p+L:¢, (35)
M =M, +M =4pSIV>C, () + M, (q.+q)+M,(n.+1), (36)
N' =Ny +Nr+N{, (37)
where &, %', {' are the control angles measured from the datum values, i.e.
E=E(+E, n=n+1, {={+L. (38)
In the steady spin we must have
Y, =Y., (39)
L,=L,v,+L,p.+L:E,, (40)
M,=%p SIVZC, (o) +Mq.+ M1, . (41)
N, =N+ N, +NL,, (42)
Le = %peSVZ CL (ae) H (43)
De :%peSVch(ae)' (44)

In equation (36), C,,(«) is the pitching moment coefficient for #=0 and g=0.
~ The datum conditions are given by equations (21)-(23), (25)-(27) and (39)—(44). Eliminating
the forces Y,, L,, D, and the moments L,, M,, N, between these equations, we obtain

0.SV2 . e 1o

LSV 16, ) sin g, Colo) 005 1] = oo rez, = 9% = € cos b, )
Y,

‘r;vvleeue—pewe _%‘Q’ (46)
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V? . e 1o

2e8VE [, 0 008 = ol sin 0] = pov =gt — U+ 22 sin by @)
1 .
I_[Luve'l_Lp pe+L§ée]=bxqerea (48)
1
T [20eSIVE Colete) + Mo+ Myn.] = byrepe (49)

y

1
T[vae+Nrre+N§Ce]zbzpeqe' (50)

In equations (45)—(50), we have the relations
VZ=u2+w?, (51)
w u

. - e _, — ___ﬁ__T . 2

sin o, Wl Cos d, ) (52)

From equations (24), we find

V. =sgnfr)(pl +aZ+12), (53)

since both ¢, and 8, are assumed to be restricted to the range (—n/2, n/2).

In a steady spin, the dynamical equations (45)—(50) must be satisfied, while equations (24)
provide the necessary kinematic relationships. It may be said [1] that
(i) the balance of vertical forces determines the rate of descent,

(ii) the balance of pitching moments determines the rate of rotation,

(111) the balance of rolling moments determines the sideslip,

(iv) the balance of yawing moments determines the possible combinations of rate of rotation,
sideslip and incidence for a steady spin. If the yawing moments cannot be balanced then no
steady spin is possible.

In the sequel, we shall assume that the conditions for a steady spin are satisfied.

Returning to the equations of motion (1)—(6) and using equations (10)-(16), (28) and (33)-(42),
we obtain

. 1 ’
= —gw+ro—gsin 6 + - [3pSV?(C, sin a—Cp cos @)+ T cos 6] , (54)
= (55)
1
W= —pv+qu+g cos ¢ cos 6 — ~ [30SV?*(Cp cos a+Cp sin &) + T sin 07] , (56)
1
p= -_bxqr + I_(LUU+LPP+L§€), (57)
1
~byrp + — I GpSIV2C,+M,q+M,1), (58)
) 1
F=~b.pg + 3 (No+Nr+N0). (59)

We also need the two kinematic equations obtained by eliminating Y between equations
(7), (8) and (9). These are

¢ =p-qsin ¢ tan 847 cos ¢ tan 0, (60)
0 =gcosp—rsing. (61)
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Optimal spin recovery 317

Equations (54)-(61) are essentially eight equations for the eight unknowns , v, w, p, g, , ¢, 6.
It is assumed that the function C,,(«) is known, as well as the functions Cp(x) and Cp(x).
However, in the case when air density is assumed to vary with height, we also need the equation

h=usin @—v sin ¢ cos O~w cos ¢ cos 0, (62)
which comes from equations (30) and (31). Then equations (54)-(62), together with equations
(29) and (32), form the complete set of state equations. The controls are &, #, {, T.

3. Optimisation Problems

It is now possible to formulate a series of optimisation problems by assuming various initial
and final conditions for the state variables. In the most general case the problem is as follows.
Given the state equations (54)-(62), with initial conditions

U=U, V=10, ...0=0,h=h,,

find the controls &(r), n(t), {(t), T (f) which transfer the initial state to the final state with
minimum loss of height. The constraints on the controls are assumed to be

where )
i < 07 um > 0.

It is assumed for simplicity that there are no constraints on the state variables; the modifica-
tions to the Pontryagin principle when such constraints are included are described in reference
[9]- The terminal time ¢, is free. Thus we have to minimise h;(t,), given by equation (31).
Several sets of final conditions on the state variables may be assumed ; these will be considered
later (Section 4) since they only affect the terminal transversality conditions.
The Hamiltonian [10] is

H = (—usin 0+ vsin ¢ cos 0+ w cos ¢ cos 0)(1—py)

1 .
+ [-—qw+rv—g sin 0 + - {1pSV?(C, sin a—Cp cos @)+ T cos HT}J I
. Y,v
+ [—ru+pw+g sin ¢ cos 6 + -m—]pv
. 1 . .
+ [—pv+qu+g cos ¢ cos 6 — - {3pSV*(C,, cos a+Cp sin a) + T sin HT}}pw

1
+ [—bxqr + (Luv+L,,p+L¢£)] Py
L

+ [—byrp + T @Sy Cm+Mq‘1+Mﬂ”’)] Pe

¥y
1
+ [~bepa + 7 oo+ Nr+80) |, (64
+[p+g sin ¢ tan 0+r cos ¢ tan 0] p,
+[g cos ¢—r sin ¢]p, .
The coefficients of &, 4, {, T, respectively, in H are:
Lc”pp Mrrpq ng,
L I I

y

1 .
- (pucos br—p, sin Oy).

Since L, M, and N, are all negative, the Pontryagin minimum principle [10] states that the
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optimal controls are

E=sgn (p,)y,
n =1y if sgn(p,) >0,
=y, if sgn(pq)<0,

ie. 0 =3[(1n+ 1)+ 580 (pg) (1ar—11m)] .
{=sgn(p.)lar,
T=0 if sgn(p, cos 6;—p, sin 67) >0,
= Ty if sgn(p, cos 07 —p,, sin 7)< 0,
ie. T=3[1-sgn(p,cos OT—p;v sin 07)] Ty -

G. R. Walsh

(65)

(66)
(67)

(68)

Also, H(r)=0 at all points of an optimal trajectory: this condition gives an equation for t,.

The adjoint equations, p,= — 0H/du, etc. are:

pu=(1—p,)sin @ — %[M(CL sin o — Cp, cos a)

+ V? (ﬁ& sin o — ?&) cos a+Cp, 6lsin 2) - Cp Oeos oc)>]pu
du Ou au
+ rpv—l: - E{Zu(CL cos a+ Cp, sin o)
c d(sin ) |
+ V2 G cosa + 9o sin a+Cp, a(c:)s il + Cp (sin a)> IJ Dy
ou ou 0 on /
N , 0Cy,
B i Zxm 69
& {2qu+V ="\ p,., (69)
. . Y, N,
Po = — (L—py)sin ¢ cos 6—rp, — —p,+pp,, — PP (70)
) oS .
Pw=—(1—p,)cos pcosf— |—q + o 2w(Cy sin a— Cp cos a)
2(0CL . Gy O(sina) . 0O(cosa)
+V(6w sino — —= cosa + Cp o Cp T ) Pu
oS .
— pp, + =— | 2w(Cy, cos a+ Cy, sin )
2m
oC oCp . d(cos o d(sin o
+ V2<a—WLcosoz +~a-;vl—)sma + C, (6w )+ Cp (6w )>]Pw
pSI oC,,
_ Py 2 ”
73 [ WCu+ V2= (71)
. LP
Py = — wp,t+vp, — Tpp+byrpq+bqur‘l’¢= (72)
M .
by = wp,—up,+b.rp, — Tq Pg+b:pp,—po sin ¢ tan 6—p, cos ¢, (73)
y
== vpu+upu+bxqpp+byppq - = Pr— P, COS ¢ tan 9+p¢ sin ¢, (74)

L
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Optimal spin recovery 319

Py = — (v cos ¢—w sin @) cos 6 (1 —p,) — gp, cos ¢ cos 6

+gp,, sin ¢ cos 0— (g cos ¢ —r sin ¢) tan Op,+ (g sin ¢ +r cos ¢)p, , (75)
Do = (ucos O0+v sin ¢ sin 6+w cos ¢ sin 6)(1—p,) +¢gp, cos 6
+gp, sin ¢ sin 6+gp,, cos ¢ sin 6— (g sin ¢ +r cos P) sec?6p, , (76)
. 0H dp
Pe= "% dn NETER
_sp? ic, <—R B ) P
[ {{(CLsina—Cpcosa)p,— (Cpcosa+Cpsina)p,} + — pq] ——5—
From equations (17) and (29), we find
0(si 0
V2 (sin a) = V? (cos @) = —usinog=—wcosa, (78)
ou ow
0 . i
ZM=ws1noc, Vza(sma)=ucosoc, (79)
ou ow
oC oC oC oC
2 L _ Tk 27>k, 7L 80
V@u Y e Vaw "o ()

with similar expressions involving Cj, and C,. By means of equations (78)—(80), derivatives
on the right-hand sides of equations (69) and (71) may be expressed in terms of the familiar
aerodynamic quantities 6C;/0x, 0C,,/0n, etc. Equations (69) and (71) become, respectively,

S .
=(1—p,)sin 6 — 5— [Zu(CL sin «— Cp, cos a)
M

ac, acL> .
{(CL — T?o?) cos o+ <CD + " sin a}J Du

S .
+rp,— [q — g—m {Zu(CL cos a+ Cp, sin a)

-w ((CD + ggf) coS 00— (C - —> sin oc>”

Si ac,,
gl [ZuC W :Ipq, (81)

S )
P = _(1—ph) cos ¢ cos 08— I:—-q + g—m {ZW(CL sin o.—Cp, cos OC)

\ C
+u <<CL - %—") cos o+ <CD + %f) sin a>ﬂ Pu—DPy

. aoc 0Cp\ .
+ fﬁ I:ZW(CL cos a+ Cp sin oc)+u{(CD + T:) cos oc—(CL - ‘6&2> sin a}Jpw

2m
SI ac,
gl [2 Cotu aa]pq. (82)

4. Transversality Conditions

We now consider three specific definitions of spin recovery, and derive the corresponding
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320 G. R. Walsh

terminal transversality conditions for the associated optimisation problems. Final values of
some of the state variables (or relationships between these final values) have to be specified.
Three typical sets of final conditions are:
(a) Uy =ty Uy =0, wy =Wy, D1 =0, ¢,=0, r;=0, ¢,=0,
0,=a,, ie. tan 0, =w,/u,

(b) v,=0, p;=0, q,=0, r; =0, ¢;=0, u, tan 6, —w,=0.
(©) uy=us, v,=0, wy=wg, pi+ri=c, ¢;=0.

The corresponding terminal transversality conditions are given by

9—k agl
P = igl o 5;1

for arbitrary «;, where
g:(x1)=0, i=1,2,..,9-k

are the terminal conditions on the state variables and p, is the vector of adjoint variables
evaluated at t=t,.

This leads to:
(a) The final values of all the adjoint variables except p, are arbitrary, and

Pn=0. (83)
(b) pu1, Pp1s Pa1s Pr1> gy are arbitrary.
Pu1+ P, tan 6, =0, (84)
Po1+ Pyt sec?0;=0, (85)
Pm=0 (86)
(C) Puts Pv1s Pwis p¢1 are arbitrary.
F1Pp1—P1Pr1 =0, (87)
Pg1="DPo1 =1 =0. (88)

Note that in each case we have a total of nine terminal conditions on the state and adjoint
variables. There are also nine initial conditions on the state variables. The mathematical
problem is to solve the eighteen first order differential equations (54)-(62), (70), (72)-(77),
(81) and (82) subject to these eighteen initial and terminal conditions, the expressions (65)-(68)
for the control variables &, 5, {, T being first substituted into equations (54) and (56)—(59).

The problem just formulated is the classical two-point boundary-value problem of the
calculus of variations. Direct methods of solving this problem are available only when the
state equations are linear [11]. Thus we are forced to rely on trial and error methods in order
to obtain an optimal solution. The method of “backing out of the origin” [12], [13], or more
correctly in the present case “backing out of the terminal state”, can be used when the number
of state variables is not too great. This method is illustrated for a simplified spinning problem
in the next Section.

5. Simplified Problem

In order to make the presentation of the method of solution more concise, we now make the
additional assumptions that u, T and p remain constant throughout the motion, and that V?
remains constant. (The last condition is consistent with constant u if w < u).

The state variables are now

v, W, p, g, T, ¢> 6.

The state equations are (55)~(61) ; the control equations are (65), (66), (67) ; the adjoint equations
are (70), (72)—(76) and (82), with p,=p,=0 throughout. The transversality conditions are
slightly changed since p, and p, no longer exist. Referring to Section 4, in case (a) there is now
no transversality condition, in case (b) only equation (85) survives, and in case (c) the equation
pr1 =0 is omitted from equations (88).
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It is customary in aerodynamic calculations to write the equations of motion in non-dimen-
sional form. In the present problem, it is convenient to non-dimensionalise both the state and
adjoint equations, together with the boundary conditions. The standard British system of
non-dimensionalisation known as the “dynamic-normalised form” [6] is used. Thus we obtain
the following system of equations:

d
i
d_w
it
%
di
dg
it

dp,

dp,,
di

dp,
di

dp,
di
dp,
di

dp,
di

A

dpgA

dt

= —Pi+pw+gsin ¢ cos 6—9,0, (89)
= —pb+Gh+§ cos ¢ cos 8—(Cy cos a+Cp sin a+T cos 07), (90)
= —b.af—1,o—T,p—1; sen (p,) éur » (1)
= b+ B = T ) e )], )
= —b,pg—h,p— ¢ —A, sgn (p,) s » (93)
— = p+4dsin¢tan 0+F cos¢p tan 8, (94)
= g cos¢—7sin ¢, (95)
= —sin ¢ cos O+ 9, P+ PP+ Lo P+ Aub, » (96)

= —cos ¢ cos —pp,+ [ZW(CL cos o+ Cp sin )

1 oC
—_ = 1 2WC 8 T Py 97
iy!:w m+u anpq ( )
= _va+ﬁﬁw+7pﬁp+by?ﬁq'i_bzq\ﬁr—ﬁd)9 (98)
= —up,+b,p,+m,p,+b,pp,— Py sin ¢ tan 6— p, cos ¢, (99)
= up,+b,4p,+b,pp,+A.p.—Py cos ¢ tan 0+ py sin ¢ , (100)

i

—(+4p,) cos ¢ cos B+ (W+gp,,) sin ¢ cos ¢

—(§ cos ¢—* sin ¢)p,tan 6+ (g sin ¢p+F cos ¢)py (101)
= 1 cos 8+ (0 +4p,) sin ¢ sin 0+ (W+3gp,,) cos ¢ sin 0

— (4 sin ¢+7 cos @) py sec* b . (102)

The initial and final conditions for these equations, together with the transversality condi-

tions, are

also put in non-dimensional form.
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6. Method of Solution

Consider equations (89)—(102) with given initial conditions on the non-dimensional state
variables :

D=0, W=W,, ..., p=0¢,,

together with final conditions and terminal transversality conditions on these variables. The
initial conditions represent a steady spinning motion and hence satisfy equations (89)—(95),
with equations (91), (92) and (93) modified so that appropriate control angles (possibly zero)
for the steady spin replace = &y, Mg Hm O + (3. Equations (89)—(102) cannot be solved
directly, because we have no information concerning the initial conditions on the adjoint
variables,

The method of “backing out of the terminal state” is to reverse the time variable in equations
(89)—(102) by writing

to= f—t. (103)

The new time variable i is the “time to go”. Since f does not appear explicitly on the right-hand
sides of the equations, the effect of equation (103) is simply to change d/df to d/dig on the left-
hand side and reverse the sign of every term on the right-hand side of each equation. For exam-
ple, equation (89) becomes

ij: Mi— pw—g sin ¢ cos O+, . (89R)
R

The equations with reversed time variable will be described as equations (89R)—(102R).
The initial conditions on the state variables for these equations will be the same as the final and
terminal transversality conditions on the state variables for equations (89)-(102): these are
known. It remains to determine the correct set of initial conditions on the adjoint variables for
equations (89R)—(102R).

Note first that any solution of equations (89R)—(102R) satisfying the known initial conditions
on the state variables will be an optimal solution for the original problem, since it satisfies the
Pontryagin minimum principle, including the terminal transversality conditions, for this
problem, ie. for equations (89)-(102). However, in general, such a solution of equations (39R }—
(102R) will not satisfy the correct final conditions on the state variables, these, of course, being
the given initial conditions on the state variables for equations (89)—(102).

To overcome this difficulty, a search is made in the space of the adjoint variables: different
sets of initial conditions on the adjoint variables for equations (89R)—(102R) are used until the
correct (or nearly correct) final conditions are obtained. The required optimal trajectory is then
the reverse of the trajectory obtained in this way. The method is described in more detail, with
a numerical illustration, in reference [13].

The time required for a systematic search may be prohibitive; on the other hand it should be
noted that the only interaction between the state equations (89)—(95) and the adjoint equations
(96)-(102) is through the control terms in equations (91)-(93), and these terms depend only
on the signs of p,, p, and p,. Computation of a few solutions may therefore indicate that the
initial values chosen for many adjoint variables are not critical, so that the search can be
confined to a small subset of the adjoint variables.

7. Conclusions

The problem of recovering from a steady spin with minimum loss of height may be formulated
as a problem in optimal control theory, to which the Pontryagin minimum principle can be
applied. The spin may be represented mathematically in varying degrees of complexity, but
though it is always possible to formulate the optimisation problem, its solution demands a trial
and error process which can only be accomplished with an acceptable amount of computation
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for a small number of state variables. Limited computational experience with the method
suggests that six or seven state variables are the most that can be used if the search for an optimal
trajectory is not to be unduly lengthy.

Apart from the complexity, or otherwise, of the mathematical model, a wide choice of
initial and final conditions may be postulated. Also, there is no inherent difficulty in representing
the aerodynamic terms with any desired accuracy.

Notation

In general, the aerodynamic notation is based on reference [6], and the optimisation notation
on reference [10].

b.b,b, inertia ratios —(I,—L)/L, — (L, —L)/I, — (I.—L)/L,

Cp, Cp, C,, lift, drag and pitching moment coefficients L/2pSV?, D/2pSV?, M/3pSIV?

Czx Cyxs Cxy  €NgINE momentum parameters J,/L, etc.
czy7 cyz’ Cxz

D drag

d,d,d, inertia ratios —I,/L, —1I,,/I, —I,/I,
€, ey, e, inertia ratios —IL,/L, —L./I, —L/I,
fetpte inertia ratios — L, /I,, — L /L, — L/,

g acceleration due to gravity

g mg/3p. SV

I 9y 92 components of g

h altitude

hy, height lost

H Hamiltonian

I, L1 moments of inertia

o I J, components of angular momentum of engine rotors
) characteristic length of aircraft

L lift

L,M,N rolling, pitching and yawing moments
m mass of aircraft

nqr components of angular velocity

P P €LC. adjoint variables

R gas constant

S wing area

t time (sec.)

i i/t

tr time to go

tr tr/T

T thrust

T, absolute temperature at sea level

U, v, w components of velocity

v (W?+w?)E

X, Y, Z components of force

o wing incidence

0 temperature gradient in atmosphere
Or angle between x-axis and thrust line
U relative density parameter m/3p, Sl
En aileron, elevator and rudder angles
p air density

T unit of acrodynamic time m/p,SV,
¢, 0, bank, attitude and azimuth angles
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Subscripts, etc.

v, datum value of v

v increment in v measured from v,

vy final value of v, ie. v(t,)

D (read “v cap”): dynamic-normalised value of v
v dv/dt

Y, L, etc. aerodynamic derivatives 6Y/dv, OL/dp, etc.

Non-dimensionalisation
Non-dimensional quantities are expressed in dynamic-normalised units, and are obtained as
follows.

Define units of mass, length and time as m, ul and t respectively, and divide each dimensional
quantity by an appropriate factor depending on its dimensions. In particular, quantities
representing force and speed are changed to the dynamic-normalised system by dividing by
1p.SV? and V,, respectively.

The same procedure is applied to aerodynamic stability derivatives, with the additional
requirements that
(i) their signs are changed,

(i) an inertia parameter is included in the concise form (as used in this paper) of a dynamic-
normalised moment derivative.

Thus the concise forms of the aerodynamic stability derivatives ¥, and L, in dynamic-
normalised units are

_ -y -y
T 30.SVIV. 3p.SV.’
I R B S
Pom(uyt mul)? 30 SPV,L
The dimensions of the adjoint variables may be deduced from the fact that the Hamiltonian,
equation (64), has the dimensions of a velocity.

A

Yo
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